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Bellpair
Arithmetic structure
for verifiable work
Paired prime receipts in any number base

A computational service needs a reason to spend its resources on an incoming request.
Bellpair makes that request arrive with a checkable work receipt. Two prime contributions
fill prescribed roles; their arithmetic relationship determines when the receipt is complete.

The relationship comes from a finite determination theorem. A collision count over an
arbitrarily large residue system, after removal of its known scale term, is fixed by a
small residue address. Reflection pairs those addresses with exactly opposite centered
weights. Bellpair turns that structure into an executable contract between a worker and a
verifier.

ONE CHALLENGE

0F F1
ASSIGNED ENDING ASSIGNED ENDING
F85A32126989C20F E9076526B1E760F1

+29 −29CENTERED WEIGHTS

0

A verified base-sixteen receipt. Both primes are shown in hexadecimal. Their endings select the reflected
entries; the centered weights sum to zero.

The opportunity is to make arithmetic structure a usable part of a work protocol: explicit
roles, verifiable completion and a check whose cost stays bounded as the requested
search grows. The C/GMP prototype implements the paired construction across 35
bases. Its first proposed application is admission to computational services; its wider
direction is a family of work contracts derived from collision invariants.
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1 Finite structure at arbitrary scale

A count over a large residue system reduces to a finite address.

Take an integer 𝑛 ≥ 2 coprime to a base 𝑏 ≥ 2. Divide the nonzero residues modulo 𝑛 into
𝑏 digit bins. Multiply each residue by 𝑏, reduce it modulo 𝑛, and count how many residues
remain in their original bin. This is a digit collision: agreement before and after a modular
multiplication.

Writing [𝑥]𝑛 for the representative in {1, … , 𝑛 − 1}, the count is

𝐶𝑏(𝑛) = # {1 ≤ 𝑟 < 𝑛 ∶ ⌊𝑏𝑟
𝑛 ⌋ = ⌊𝑏[𝑏𝑟]𝑛

𝑛 ⌋} .

Its definition ranges over 𝑛 − 1 positions. The finite determination theorem [1] removes
that enumeration:

𝐶𝑏(𝑛) = ⌊𝑛 − 1
𝑏 ⌋ + 𝑇𝑏(𝑛 mod 𝑏2).

The first term accounts for scale. The second is an exact integer from a table fixed by
the base. Once the residue address is known, the table does not grow with 𝑛. It contains
𝜑(𝑏2) entries.
In base ten, 109 and 1009 both select the entry +8. Their collision counts are 18 and 108,
respectively: a different scale term, the same deviation. The theorem applies to every
coprime integer, including integers far beyond any feasible direct enumeration.

𝑛 − 1 residue positions
A growing collision count

𝑎 = 𝑛 mod 𝑏2

A finite address
𝑇𝑏(𝑎)

The exact deviation

The base fixes the table before any prime is chosen.

Reflection adds a second piece of structure. The entries at 𝑎 and 𝑏2 − 𝑎 sum to −1; cen-
tering turns them into exact opposites. A verifier can therefore check both the fingerprint
of an individual prime and its prescribed relationship to a partner.

This is the computational reduction Bellpair uses. It avoids reconstructing the collision
process. Reading and reducing a larger integer still costs work, and primality has a sepa-
rate cost. The finite theorem gives an exact shortcut for the collision statistic itself.
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2 Computation before admission

An incoming request can carry evidence of work before the service commits expensive
resources.

Consider a service that runs a model on an uploaded document. A caller can submit an-
other request immediately; the service must allocate compute and memory to answer it.
An admission rule must act before that allocation if it is to protect the resource.

Bellpair’s proposed deployment places a work exchange at that boundary. The service
binds a fresh challenge to the intended action and request body. The requester finds the
two prime contributions and returns their receipt. The service verifies it, consumes the
challenge once, and then admits the action.

Issue challenge Requester
searches

Verify and
consume Perform action

Proposed deployment. The current lab runs the worker locally.

The receipt gives the service an explicit decision. Both roles must be present, both
proofs must belong to this challenge, and both primes must have the assigned finger-
prints. Reusing an accepted receipt does not admit a second action. The receipt certifies
puzzle completion; the requested computation has its own correctness requirements.

Three parameters have different jobs. The base selects the arithmetic table. The pair as-
signs the two roles. The hash threshold controls expected search effort within that choice.
All are committed in the challenge. A service could adapt its work requirement to admis-
sion policy while retaining the same verifier interface.

The prototype already runs issuance, solving, independent verification and one-use ac-
ceptance. A deployed gate needs the worker on the requester’s side and a persistent
atomic redemption store. The proposed application would then be measured on useful
admitted work, requester delay and verification cost under both valid and abusive traffic.

Client puzzles already protect protocol resources, and multiple-solution puzzles have es-
tablished uses [5]. Bellpair’s specific contribution is to derive its matching roles from the
collision fingerprint theorem and carry them through a working receipt protocol. Its practi-
cal advantage must be measured against ordinary hash puzzles at matched work.
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3 Reflection fixes the match

Every integer base has a collision table. Reflection fixes the balance of each pair.

The collision periodic table attaches an integer to each admissible ending. For base 𝑏 ≥
2, put 𝑞 = 𝑏2, take 1 ≤ 𝑎 < 𝑞 with gcd(𝑎, 𝑏) = 1, and set

𝐺𝑏 = {𝑑(𝑏 + 1) ∶ 0 ≤ 𝑑 ≤ 𝑏 − 1}, 𝐷𝑛(𝑎) = ⌊(𝑛 + 1)𝑎
𝑞 ⌋ − ⌊𝑛𝑎

𝑞 ⌋ .

The table entry is
𝑇𝑏(𝑎) = −1 − ⌊𝑎

𝑏⌋ + ∑
𝑛∈𝐺𝑏

𝐷𝑛(𝑎). (1)

This is the finite floor formula from the collision periodic table [1]. It can be evaluated by
integer division.

Proposition 1 (Reflection). For every admissible 𝑎,

𝑇𝑏(𝑎) + 𝑇𝑏(𝑞 − 𝑎) = −1.

Consequently 𝑤𝑏(𝑎) ∶= 2𝑇𝑏(𝑎) + 1 satisfies 𝑤𝑏(𝑞 − 𝑎) = −𝑤𝑏(𝑎).

Proof. For 1 ≤ 𝑛 ≤ 𝑞 − 2, neither 𝑛𝑎/𝑞 nor (𝑛 + 1)𝑎/𝑞 is an integer. The floor identities at
reflected arguments give 𝐷𝑛(𝑎) + 𝐷𝑛(𝑞 − 𝑎) = 1. At 𝑛 = 0 the sum is zero; at 𝑛 = 𝑞 − 1 it is
two. Both endpoints belong to 𝐺𝑏, so the full increment sum is (𝑏 − 2) + 0 + 2 = 𝑏. Also,

⌊𝑎
𝑏⌋ + ⌊𝑞 − 𝑎

𝑏 ⌋ = 𝑏 − 1,

because 𝑎 is not divisible by 𝑏. Substitution into (1) gives −2 − (𝑏 − 1) + 𝑏 = −1. Centering
proves the second assertion.

The prototype supports every integer base from 2 to 36. The mathematical law has no
upper base limit. In base ten there are forty units modulo 100, giving twenty pairs (𝑎, 100−
𝑎) with 𝑎 < 50. For example,

𝑇10(9) = 8, 𝑇10(91) = −9, 𝑤10(9) = 17, 𝑤10(91) = −17.

The raw entries sum to minus one. The centered weights sum to zero. This distinction is
part of the specification.

Reflection supplies the matching rule for the receipt. It holds throughout the admissible
residue classes. Prime search and hash difficulty supply the work conditions; checking
both assigned endings establishes the arithmetic balance. The balance follows from the
roles and contributes no additional entropy.
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4 Challenge-bound work

The challenge identifies the work. Every field below is included in the hash input.

The current protocol identifier is reflection-work/v2. A challenge contains six fields:

Field Encoding and meaning

id Fresh 16-byte identifier, as 32 lowercase hexadecimal characters.
payloadHash SHA-256 of the message’s UTF-8 bytes, as 64 lowercase hexadecimal char-

acters.
base Integer 2 ≤ 𝑏 ≤ 36; the modulus is 𝑞 = 𝑏2.
pairA Admissible integer 0 < 2𝑎 < 𝑞; the second role is 𝑞 − 𝑎.
difficultyBits Number of leading zero hash bits. The native verifier accepts 0 through 20;

the local service issues 0 through 12.
expiresAt Positive Unix timestamp in seconds, at most 9999999999.

The issuer rotates through the 𝜑(𝑏2)/2 pairs for the selected base. This provides cover-
age of issued roles. Callers can abandon challenges, so completed receipts need not be
uniformly distributed across pairs.

For each role 𝑟 ∈ {𝑎, 𝑞 − 𝑎}, the worker searches a 64-bit nonce 𝜈. The hash input is the
following ASCII prefix followed immediately by the nonce’s eight raw bytes in big-endian
order:

reflection-work/v2
id=<32 lowercase hex characters>
payload=<64 lowercase hex characters>
base=<four decimal digits>
pair=<four decimal digits>,<four decimal digits>
bits=<two decimal digits>
expires=<ten decimal digits>
role=<four decimal digits>
nonce=

Every displayed line before nonce= ends with the single LF byte 0a. There is no LF af-
ter nonce= or after the nonce. Decimal fields are zero-padded to the stated widths. The
nonce is not hashed as printed hexadecimal text. These byte conventions prevent imple-
mentations from assigning different messages to the same displayed challenge.

SHA-256 is used as specified in the Secure Hash Standard [4]. Including the protocol,
challenge, payload, base, pair, difficulty, expiry and role in the input binds the work to
those fields under the usual hash assumptions. The issuer must still check that the chal-
lenge was actually issued.

Legacy version 1 retains its unchanged decimal encoding: no base field, two-digit pair
and role fields, and domain reflection-work/v1. A supplied base always selects ver-
sion 2, including base ten.
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5 Two prime contributions

Each role must satisfy the hash target, assigned ending and prime test.

Let 𝐻 be the 32-byte digest. Interpret its last eight bytes in big-endian order as 𝑢, and
define the candidate by bitwise OR:

𝑝 = 𝑢 OR 263 OR 1.

Thus 263 ≤ 𝑝 < 264 and 𝑝 is odd. A contribution is admissible when:

1. the first difficultyBits bits of 𝐻 are zero;

2. 𝑝 mod 𝑏2 = 𝑟, the assigned role;

3. 𝑝 is prime.

The worker must find one contribution for each role. Distinct hash prefixes bind each
contribution to its role; relabeling a contribution changes the message that the verifier
hashes.

Primality is checked by trial division by the first twelve primes, followed by strong Miller–
Rabin tests to the bases

2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 37.

Sorenson and Webster establish that the least composite passing all twelve bases is
318665857834031151167461, which exceeds 264 [3]. Within the specified candidate range,
passing this test therefore certifies primality. GMP performs the modular arithmetic.

OpenMP partitions the nonce range between workers. The first successful worker sup-
plies the contribution, and the others stop. Scheduling can change which admissible
nonce is returned and how many attempts are counted. Verification does not depend on
that scheduling.

Recorded prime receipts

The original decimal walkthrough retains a real four-worker run at eight hash bits. This
version-1 receipt remains independently checkable. Its two contributions are

𝑝1 = 16845383891371498109, 𝑤10(9) = 17,
𝑝2 = 11129527200732674791, 𝑤10(91) = −17.

The run reported 577558 hash attempts, 50 primality tests and 0.513092 seconds of
search. Both contributions were accepted by the separate C/GMP verifier. The full
challenge, nonces and digests are retained in the downloadable receipt.

The current walkthrough also retains a separate version-2 receipt and verifier result for
each of the 35 supported bases, at four hash bits and one worker. The display converts
each prime to the selected base and highlights its final two digits. JSON prime strings
stay decimal, so the wire representation is unambiguous.

Readers can reveal the recorded contributions and inspect their full receipts. A fresh lo-
cal run issues a new challenge and records its own measurements.
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6 Verification and one-use acceptance

Arithmetic validity and permission to use a receipt are separate checks.

A receipt carries the version, protocol identifier, complete challenge, two ordered con-
tributions and the centered balance. Each contribution contains its role, a 16-character
lowercase hexadecimal nonce, the prime as a decimal string, the digest as 64 lowercase
hexadecimal characters, and the raw and centered collision values. The first contribution
is for 𝑎; the second is for 𝑞 − 𝑎. Primes are strings because 64-bit integers exceed the
exact integer range of a JavaScript number.

The verifier validates the schema and domain before invoking the arithmetic checks. It re-
computes each digest from the challenge and nonce, checks the hash target, derives the
candidate, compares it with the supplied prime, checks the ending and proves primality
within the 64-bit range. It then recomputes the two table entries and centered weights. It
accepts arithmetic validity only if all checks pass.

The optional search object reports attempts, prime tests, elapsed seconds and workers.
Those fields have no verification authority. They describe the producer’s run; a valid re-
ceipt does not certify its claimed runtime or amount of hardware.

The separate executable checks the submitted proofs without repeating the search. An
archived receipt remains arithmetically checkable after its challenge expires. That is dis-
tinct from permission to use it at a service.

Atomic acceptance

To redeem a receipt, the local issuer additionally requires:

1. a known challenge identifier;

2. equality with all six fields of the issued challenge;

3. a timestamp that has not expired;

4. successful independent arithmetic verification;

5. an unused challenge record.

Because verification is asynchronous, the service checks expiry and unused state again
after verification. The final check and the transition to used state occur together in one
event-loop turn. Two simultaneous redemption requests therefore cannot both succeed
within that process.

This is a process-local guarantee. Records are held in memory. A restart forgets out-
standing challenges, which are then rejected as unknown. A distributed deployment
needs a persistent store with an atomic consume operation shared by every verifier in-
stance.
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7 Search and verification costs

These measurements isolate the cost of the additional filters at equal hash difficulty.

The retained benchmark uses the same message and nonce ordering for three search
methods: hash difficulty alone, hash difficulty plus the selected ending, and both filters
plus primality. It uses one worker, the 09/91 pair, and four trials at each of 6, 8 and 10
hash bits. There are twelve pairs per method, thirty-six pair trials in total.

Required work Mean attempts Mean time (ms)

Hash difficulty 651.417 1.155
Hash and ending 59986.667 78.630
Hash, ending and prime 956517.833 1269.027

Repeated arithmetic verification averaged 0.031264 milliseconds over 1000 repetitions.
The retained benchmark records compiler version 13.3.0 and GMP version 6.1.2. The
times exclude process startup, HTTP handling and issuer state checks. They are mea-
surements of this implementation and run, not portable performance guarantees. The
archived benchmark does not retain a complete hardware description.

Equal hash difficulty makes the cost of additional filters visible. It does not compare
schemes at equal total work. The paired-prime search performs more work here; an ordi-
nary hash puzzle could also demand more work by raising its difficulty. The benchmark
cannot distinguish a useful arithmetic advantage from that simpler change.

The reference implementation checks reflection throughout bases 2–36, retains the orig-
inal decimal fixtures, and checks native solving and independent hash serialization in
every supported base. Tests cover primality fixtures, canonical hash bytes, malformed re-
ceipts, altered proof fields, expiry and concurrent redemption. These are implementation
checks. Their existence does not replace protocol analysis.

Local operating limits

The prototype restricts network access to loopback. It allows one solver job at a time,
uses at most four workers by default, caps the search at 25 million attempts per role
and stops it after 30 seconds. Challenges expire after ten minutes. Request bodies are
limited to 16 KiB; the service limits stored challenge records and simultaneous verifiers.
These are local resource controls, not a deployment-scale abuse analysis.

The public website presents a recorded walkthrough. Its production build has no active
route to the solver. In local development the same interface can connect to the loopback
service and exercise search, cancellation, verification, changed-digest rejection and re-
play rejection.
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8 Base and work calibration

The arithmetic law stays the same. Table size and expected search work change.

In base 𝑏, there are 𝜑(𝑏2) eligible endings and half as many reflection pairs. Binary sup-
plies one pair; hexadecimal supplies sixty-four. The table is a finite protocol parameter.
Base ten has no privileged role.

Under a uniform-hash model and the usual prime-density heuristic near 𝑋 = 264, the
expected total attempts for two prescribed prime roles at 𝑑 hash bits are approximately

𝜑(𝑏2) log𝑋 2𝑑 .

This is a search-cost model, not a lower bound against optimized attackers. It explains
why comparing bases at equal hash bits changes the amount of work demanded, as well
as changing the arithmetic table.

A separate C/GMP audit used 96 pair trials per base per policy, one worker, and ten
bases. One policy used four leading zero bits throughout. The other adjusted a 32-bit
hash threshold using the displayed model to equalize expected attempts with base ten.
The second policy calibrated expected work, not wall-clock time. Its hash domain was
specific to the audit.

Base Pairs Equal-threshold attempts Adjusted attempts Adjusted time (ms)

2 1 1488 25639 34.28
3 3 4223 26323 35.08
4 4 6237 31067 41.05
5 10 15967 27897 32.96
6 6 9590 28198 32.38
8 16 24311 25552 29.94

10 20 29585 29585 34.60
12 24 30892 24520 28.42
16 64 102956 28955 33.69
30 120 167341 30509 35.06

All values are sample means. The run used an Intel Core i9-13900H, compiler 13.3.0
and GMP 6.1.2. Full trials retain medians, tails, prime-test counts and verification timings.
Search-time dispersion and the small number of trials prevent these means from identify-
ing a fastest base.

A smaller base gives a smaller table and fewer roles; that can suit a small implementa-
tion. A larger base gives more distinct reflection pairs. Power-of-two bases also allow
bit-mask residue extraction, although this implementation has not measured an optimized
advantage from it. Base choice should follow the needed role count and measured costs
at matched work.
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9 Bounded verification at scale

Search grows with the requested work. A receipt keeps verification bounded.

For a fixed base and the specified 64-bit candidate domain, verification always requires
two hashes and two deterministic prime checks. It does not replay the nonce search or
the previous receipt history. Processing 𝑅 receipts takes 𝑂(𝑅) such checks. Every ac-
cepted pair contributes exactly zero centered weight, so arithmetic balance incurs no ac-
cumulated rounding or approximation defect as the receipt stream grows.

The saving persists for every finite receipt in an arbitrarily long stream. It comes from
keeping each check local to its challenge. Raising the candidate bit width raises modular-
arithmetic cost and requires a new primality guarantee. Raising the base grows the table
to 𝜑(𝑏2) entries; direct evaluation of a fingerprint uses 𝑏 integer-division terms. Precom-
putation trades that repeated work for storage. The prototype uses direct evaluation.

Independent nonce ranges can be searched concurrently. The reference worker uses
OpenMP; a distributed worker would coordinate those ranges to avoid duplicated search.
The verifier receives the two successful contributions regardless of how many workers
participated.

A compact witness

Given the retained challenge, the two eight-byte nonces determine both hashes, candi-
dates and weights. Thus a candidate compact witness needs 16 bytes, or 32 bytes with
the 16-byte challenge identifier, before version and transport framing. The current inter-
face deliberately uses a verbose JSON receipt for inspection; this compact transport is
not implemented.

A follow-up component audit over all twenty decimal pairs measured about 57.36 mi-
croseconds for the full arithmetic check versus 4.16 microseconds for two hash checks
on the same accepted inputs. That comparison isolates verifier cost. It does not compare
admission policies at matched solving cost, and it excludes process, network and storage
overhead.

Redemption state

Arithmetic verification can be stateless when supplied with the challenge. One-use ac-
ceptance cannot: the issuer must recognize and atomically consume an issued chal-
lenge. A deployed service needs shared, expiring redemption records, bounded verifica-
tion concurrency and admission policies for different devices. These costs remain even
when the collision balance is exact.
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10 A family of arithmetic contracts

The first receipt uses one digit shift. The underlying mathematics reaches further.

Bellpair starts with the smallest collision fingerprint: agreement after one multiplication by
the base. The broader finite determination theorem in The Collision Invariant [2] treats
a shift of any positive length ℓ. For 𝑛 > 𝑏ℓ+1 coprime to 𝑏, its collision deviation is deter-
mined by 𝑛 mod 𝑏ℓ+1. That power of the base is necessary in general. Reflection contin-
ues to fix the paired sum at −1.
The theorem provides a hierarchy of finite arithmetic readouts. At each fixed depth, a
bounded residue address describes a collision statistic of an arbitrarily large integer. A
finer address determines the coarser residue addresses as well. This gives a concrete
design direction: receipts whose required parts are selected by several compatible arith-
metic observations.

Version 2 uses only the one-shift pair. Extending its contract to several readouts would
require specifying the accepted combinations, measuring how the constraints interact,
and testing whether the richer structure improves an application. Those conditions may
be strongly dependent; counting them is not a measure of cryptographic strength.

Arithmetic completion rules

The collision results provide explicit identities from which completion rules can be derived.
Bellpair supplies a working instance with prescribed roles, fresh request binding, an in-
spectable witness and independent verification. The mathematics and implementation
meet at a small object whose meaning can be checked directly.

Ordinary hash protocols can also require two proofs. The distinction here is the source
and meaning of the matching relation: it is a fingerprint of a defined arithmetic process. A
useful advance in cryptographic engineering would exploit that structure to obtain a bet-
ter operational property. A faster verifier, improved behavior under selective challenge
abandonment, or useful composition of several readouts would each require its own anal-
ysis and evidence.

From receipt to service

The immediate test is an API gate with a separate worker and persistent redemption.
Compare it with ordinary hash work at matched solving cost, including tail latency and
unequal devices. Prime-based work also has prior art [6]; novelty and utility must be lo-
cated in the particular construction. The current evidence establishes an executable arith-
metic contract. A security or efficiency advantage remains open.

The longer ambition is to make proved arithmetic relationships useful as rules for dis-
tributing and verifying computation. The finite fingerprint provides the reduction; reflec-
tion provides a match; Bellpair makes both operational. The next result must show that a
service can use this structure to admit useful work on better terms.
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11 Evidence and references

The paper, recorded receipt and measurements are available from the Bellpair site.

The website distributes this PDF, a retained benchmark, the walkthrough receipts for
every supported base, independent verifier results and the ten-base comparison. The
matching TeX source is retained in the project repository. A manifest records artifact
hashes and the source hash. Source release terms for the reference implementation are
being prepared.

Within the reference repository, make builds the solver and verifier. The local service
starts with node server.mjs. The receipt can be checked by passing its JSON path to
node verify-receipt.mjs. The website’s development view connects to that service on
loopback port 8787. Its production view remains a public walkthrough.

Reproducible artifacts

Artifact Contents

Technical paper The arithmetic proof, challenge bytes, verification rules and scope.
Benchmarks Original thirty-six pair trials and 1,920 cross-base trials.
Recorded receipts One version-2 pair per base, plus the original decimal pair.
Verifier result The independent arithmetic check for that recorded receipt.
Manifest SHA-256 hashes for the distributed files and retained TeX source.
bostonagilelabs.com/whitepaper
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